PSEUDO-ROTATIONS WITH SUFFICIENTLY 
LIOUVILLEAN ROTATION NUMBER ARE C°-RIGID. 



BARNEY BRAMHAM 



Abstract. It is an open question in smooth ergodic theory whether 
there exists a Hamihonian disk map with zero topological entropy and 
(strong) mixing dynamics. Weak mixing has been known since Anosov 
and Katok first constructed examples in 1970. Currently all known 
examples with weak mixing are irrational pseudo-rotations with Liou- 
villean rotation number on the boundary. Our main result however 
implies that for a dense subset of Liouville numbers (strong) mixing 
cannot occur. Our approach involves approximating the flow of a sus- 
pension of the given disk map by pseudoholomorphic curves. EUipticity 
of the Cauchy-Riemann equation allows quantitative L'^-estimates to be 
converted into C°-estimates between the pseudoholomorphic curves and 
the trajectories of the flow on growing time scales. Arithmetic properties 
of the rotation number enter through these estimates. 
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1. Introduction 

1.1. Statement of results. Pesin theory [T7j shows that, at least in low 
dimensions, smooth conservative systems with positive metric entropy have 
ergodicity on sets of positive measure. It is a delicate question how "wild" a 
smooth system can be if on the other hand it has vanishing metric entropy, 
or stronger, vanishing topological entropy. 

In 1970 Anosov and Katok [2] constructed examples of smooth Hamilton- 
ian disk maps which, despite having zero topological entropy, were ergodic. 
They even found weak mixing examples. The next level in the ergodic hierar- 
chy, that of mixing, has remained an open question. In the very interesting 
article of Fayad and Katok [9] this is stated as Problem 3.1 as follows: 



From here on we use exclusively the term mixing as defined in equation Q. There 
are sources in the literature where this notion is referred to as strong mixing, e.g. [20] . 
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Question 1. Does there exist a mixing area preserving diffeomorphism 
of the closed 2-disk D = {{x,y) G ]R^|a;^ + < 1} with zero topological (or 
metric) entropy? 

Since 1970 the picture has somewhat clarified, and we recall the develop- 
mentfl. 

First, in 1975 Kocergin [T^ showed that for any compact surface of genus 
g > 1, mixing examples with vanishing topological entropy do exist. This is 
pointed out in [9], where they remark that it is not known for the sphere. 

To describe the developments on the disk we recall the following definition. 

Definition 1. An irrational pseudo-rotation is an area and orientation pre- 
serving diffeomorphism ip € Diff°°(L') of the closed 2-disk fixing the origin 
and having no other periodic points. 

Note that the circle map obtained by restricting an irrational pseudo- 
rotation to the boundary of the disk automatically has irrational rotation 
number, hence the terminology. 

Irrational pseudo-rotations are the source of all known Hamiltonian disk 
maps with zero topological entropy that display weak mixing (or even er- 
godicity), and is therefore the natural place to look for mixing examples. 
Work of Herman and Fayad-Saprykina however refine the search for mixing 
examples much further. 

To describe these results let Aa denote the set of irrational pseudo- 
rotations having rotation number a on the boundary of the disk, where 
a G M/Z is irrational. Recall that a € M is a Liouville number if it is ir- 
rational and for all A; € N there exists {p,q) € Z x N relatively prime for 
which 

1 

In this paper we will denote the set of all Liouville numbers by C. These 
form a dense set of measure zero in M. The set of irrational numbers not in 
C are called Diophantine, and we will denote these by D. 

Anosov and Katok [2] showed that for a in a dense subset of the Liou- 
ville numbers Aa contains a weakly mixing element. For a a Diophantine 
number Herman showed in unpublished work, although see also [10], that 
every element of Aa has invariant circles near the boundary of the disk, 
and in particular cannot be mixing in any sense. Finally in 2005 Fayad and 
Saprykina [11] constructed weak mixing examples in Aa for all a £ C 



In fact the seeds of this question originate much earher in 1930 with a construction of 
Shnirelman [T5]. He found a smooth disk map (not area preserving) with a dense orbit. 
Apparently Ulam was also interested in questions of this nature. In the Scottish Book 
[18| . circa 1935, problem 115, Ulam asks whether there exists a homeomorphism of R" 
with a dense orbit. Besicovitch answered this affirmatively for tranformations of the plane 
[3] in 1951. Shnirelman's construction is discussed also in [9] 
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To summarize then, the current situation for disk maps is that Aa contains 
a weak mixing disk map if and only if a is a Liouville number. 

Our results apply to the following subset of the Liouville numbers. We 
say that an irrational number a € M is in if for all G N, there exists 
(P) <?) £ Z X N relatively prime, such that 



(2) 

Remark 1. is a dense subset of C, see appendix IA.2I 



P 

a 



1 



Using pseudoholomorphic curve techniques from symplectic geometry we 
will prove the following. 

Theorem 1. Let ip : D ^ D be an irrational pseudo-rotation with boundary 
rotation number in Then is -rigid. That is, there exists a sequence 
of iterates tp"'^ that converge to the identity map in the -topology as uj — > 
oo. 

As an immediate consequence we have: 

Corollary 1. Ifip is an irrational pseudo-rotation with its boundary rotation 
number in then ip is not mixing. 

Remark 2. In fact such a ip is not even topologically mixing. Recall that 
a transformation ip : D ^ D is topologically mixing if for all open sets 
U,V C D, p~'^[U) n y is non-empty for all n sufficiently large. This is 
implied by mixing with respect to Lebesgue measure. 

To see how corollary [1] follows from theorem [1] we recall the notion of 
mixing. Let // denote Lebesgue measure on the disk, normalized so that 
^{D) = 1. A //-measure preserving map ip : D ^ D is said to be mixing if 

(3) lim nB)= fi{A)fi{B) 

71— >00 

for any pair of Lebesgue measurable sets A, B C D. In comparison, p is 
weak mixing if 



n-l 



(4) lim M^'HA) nB)- fi{A)fi{B) 

71. — ^nn ^— • 



n— >-oo 

i=o 



0. 



for all Lebesgue measurable A^B C D. 

Proof of corollary [IJ Let p> be an irrational pseudo-rotation with boundary 
rotation number in df. By theorem [H pf^^ — > id/j in the C'^-topology for 
some subsequence Uj +oo. Therefore also ^ id_D- Take any two 

disjoint compact measurable sets A,BcD, each having non-zero measure. 
These are a positive distance apart. For all j sufficiently large p~"'^{A) is 
therefore disjoint from B. On the other hand iJ,{A)^{B) > 0. So the limit 
in ([3]) cannot hold, and therefore p) cannot be mixing. ■ 
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Theorem [T] raises the question whether irrational pseudo-rotations with 
arbitrary Liouvillean rotation number are C'^-rigid. However, naively it 
would seem at least as plausible for Diophantine numbers, since the Liou- 
villean case typically permits "wilder" behavior. This suggests then the 
following open question. 

Question 2. Is every irrational pseudo-rotation -rigid? In other words, 
if if : D ^ D is any irrational pseudo-rotation, must there exist a sequence 
of iterates 99'"^ converging to the identity map in the -topology? 

Note that answering this question affirmatively for Diophantine rotation 
numbers is a necessary condition for an affirmative answer to the following 
question of Herman, which remains open. Herman [14] in 1998 asked: 

Question 3. If a is Diophantine, is every element of Aa smoothly 
conjugate to the rigid rotation R2na ? 

Fayad and Krikorian [10] have successfully answered Herman's question 
for irrational pseudo-rotations sufficiently close, in a differentiable sense, to 
the rigid rotation with the same rotation number. 

1.2. Using a PDE to approximate an ODE. The idea of the proof 
of theorem [1] can be described well on the level of partial and ordinary 
differential equations. 

Let (p € Diff°°(D,wo) be an irrational pseudo-rotation and a G M/Z the 
rotation number on the boundary. Let G C°°{D,'R) be a closed loop 
of Hamiltonians generating (p, over t € M/Z. Denote the corresponding 
Hamiltonian vector fields on D by Xj^t. Informally we find a sequence 
of "approximating" (also time-dependent) vector fields on the disk, which 
converge in C^, 

(5) X* ^ XHt 

as n — 7> 00. The trajectories of X!^ will close up in time n by construction. 
If the convergence is sufficiently fast this behavior will be reflected in the 
trajectories of Xjjt , and the identity map will be an accumulation point for 
the sequence {ip^}n£N- 

For each n G N the vector field X^ arises as follows. One can "fill" the 
disk by a family of solutions z : M"*" x M/nZ — ?> D to the Floer equation 

(6) dsz{s,t) + i(^dtz{s,t) - XHt{z{s,t))'^ =0. 

These solutions arise from a foliation of the 4-manifold M x M/nZ x Z? by 
pseudoholomorphic curves constructed in |6]. For each t a unique solution 
passes through every point of the disk, and informally we can define a time- 
dependent vector field {X!^}^^^/^ on D, by declaring 

Xi{Zn{s,t)) ■.= dtZn{s,t) 
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for all the solutions z„ in A4n- The trajectories of this vector field are all 
n-periodic because of the cylindrical domain of each Zn- The convergence in 
([5]) arises as follows. We can suggestively rewrite equation ([6]) as 

(7) dsZn + i{XiiZn) - XutiZn)) = 0. 

It turns out that for such a solution z„, there is a nice expression for the 
L^-norm of the first term in ([7]). Indeed, if we arrange for the right boundary 
behavior for the solutions z„ then 

2 

dsdt = {na}TT, 

where {na} denotes the fractional part of na G R. Since a is irrational 
there exists a subsequence {nja} ^ as j — )• cx). Thus, the left-most term 
in ([6]) decays to zero uniformly in an L^-sense for such a subsequence. Using 
the ellipticity of the equation this can be strengthened to convergence in an 
L°°-sense (in fact in a C°°-sense but we do not use this). From ([7]) it follows 
that - — XHt\L°° — >■ as j — )■ oo. 

The Liouvillean condition on the rotation number a enters the estimates 
because the rate of convergence on growing time scales depends on the rate 
at which {nja} — > 0. 



Jt=o 



dzn 
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2. Preliminaries 

We will study an irrational pseudo-rotation 99 G Diff°°(L', loq) as generated 
by a time-dependent Hamiltonian H € C°°(M/Z x D,M). This means the 
following. For each t € M/Z abbreviate 

:= H{t,-) G C°°(L>,R) 

and let Xj^t be the unique C°°-smooth vector field on D satisfying 

at (z D. If this vector field is tangent to the boundary of the disk then it 
generates a 1-parameter family of symplectic diffeomorphisms 

M 9 t 0*^ € Diff°°(L>,a;o) 
where for each ^ € D, the curve t 1-^ </'//(0 is the unique solution to 

In particular (p^ = ido- We say that the Hamiltonian H generates the disk 
map if if = if. It is well known that any element of Diff°°(L', cjq) can be 
generated in this manner by some suitable Hamiltonian H^. In particular, 
any irrational pseudo-rotation. 

So suppose that H € C°°(M/Z xD,M.) generates a given irrational pseudo- 
rotation ip € DiS°°{D, uq). By assumption ip has a unique fixed point € D, 
and without loss of generality we may find H so that G -D is a rest point 
for each vector field Xj^t, t € M/Z. Thus for each ?i G N the unique n- 
periodic solution 7 : M ^ D to 'y{t) = Xjjt('j{t)) is the constant trajectory 
7(t) = OeD. 

The map ip : D ^ D restricts to an orientation preserving diffeomorphism 
on the boundary circle, ^\dD ■ dD — )• dD. By assumption ip\dD has no 
periodic points and therefore its rotation number Rot((/j) € M/Z is irrational. 
Since we have also fixed a Hamiltonian H generating ip, this allows us to 
associate a preferred real number, that we will denote by 

Rot{ip;H) € M, 

with the property that the induced element on the circle [Rot((/5; i/)] € M/Z 
is equal to Rot (99). See definition 5 in [6]. 
Let M+ = [0, 00). For each n € N, let 

M{H, n) 

If 1/; G Diff°°(_D, cjo) is the identity map on the boundary up to first order then an 
isotopy from tp to ido in Diff°°(D) can be converted to a symplectic isotopy using a 
Moser type argument. For a general map ip € Diff°°(D,aJo) the first step therefore is to 
symplectically "straighten up" at the boundary. That is, find a symplectic isotopy from 
1/) to a map ip £ Diff°°(D, wo) where tp is the identity map on the boundary up to first 
order. That is, for all ^ £ dD ipi^) = £, and Dip{£,) = idR2. This is easy to arrange. 
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denote the set of solutions z E C°°(M''' x R/nZ, D) to the Floer equation 

(8) dsz[s, t) + i (dtz{s, t) - XHt (z(s, t))) = 

for all (s,i) G M"*" x M/nZ, where i is the standard complex structure on 
D inherited from the complex plane, which satisfy the following asymptotic 
and boundary conditions: 

( lim z{s, t) =0 for all t G R/nZ 

(9) lz{0,t)edD for ah t G M/jiZ 

^ z{0,-) : M/nZ dD has degree \na\. 

Note that the asymptotic condition that the loops z{s, •) — )• in C^(M/nZ, D) 
as s — > cxD is equivalent to finiteness of the Floer energy of z: 



(10) Epioeriz) := / / \zs{s,t)f + 

Js=0 Jt=0 



1 2 

Zt{s,t) — Xf{t{s,t)\ dsdt, 



because there is only one n-periodic orbit of the Hamiltonian vector field. 
The norm in the integrand is from the standard Euclidean metric. Similarly, 
in the rest of the paper, all Sobolev and C function spaces for maps into 

C are with respect to the standard Euclidean norm on M^. 

The existence result we use is the following. 

Theorem 2. For each n G N the space of solutions M{H,n) is non-empty, 
and the following holds: 

• Filling property: For all p G I?\{0} there exists a solution z G 
M{H,n) such that p lies in the image of z. 

• -estimates: For all z G A4{H,n), 

(11) l|5^^llL2([0,oo)xR/nZ) = {'^"i^ 

where for x G M, {x} G [0, 1) denotes its fractional part. 

• C°° -bounds: Let nj be a subsequence for which {uja} — t- as j 
oo. For all r G N, there exists br G (0, oo) such that 

(12) l|Vz||c"-([0,oo)xR/njZ) < br 

for all z ^ M {H, uj ) , uniformly in j . 

These solutions arise from a foliation of the 4-manifold M x ]R/?iZ x D 
by pseudoholomorphic curves; the disk component of each solution to the 
Cauchy-Riemann equation satisfies this Floer equation if the former has 
finite energy (Gromov's trick in reverse). We explain this in section [H and 
thus how theorem [2] follows from a construction in [6] . 

Remark 3. The number a in theorem [2] can be any irrational; no Liouville 
condition is assumed at this point. 

To use this to prove our main result we will need two lemmas. The first 
is the following Sobolev type inequality. 



8 



BARNEY BRAMHAM 



Lemma 3. Fix d £ N. There exists c > 0, so that for all ?z G N = {1, 2, . . .}, 

Il/lli- <c||/iIl2||/ii^..^ 

for all f G C^(M^ x ]R/nZ,R'^). We emphasize that c is independent of n. 

This is proven in appendix lA.ll The second lemma we require is: 

Lemma 4. Suppose that x : [0, T] — >■ [0, oo) is a continuous function, some 
T > 0, for which there exist constants a,b >0 such that for all t G [0, T] 

(13) x{t) <a + b [ x{s)ds. 

Jo 

Then 

(14) x(t) < ae''* 
for all t G [0,r]. 

This is a version of the famihar GronwaU inequahty. For a proof see for 
example lemma 6.1 in [1]. 

3. Proof of C°-rigidity 

In this section we prove theorem [TJ Recall that this said the following: 

Theorem 5. If (p : D D is a pseudo-rotation with rotation number in 
then ip"^^ —7- id/5 in the -topology, for some sequence of integers rij — > +oo. 

Remark 4. Obviously a necessary condition for ip in theorem [5] to be rigid 
in this sense is that its restriction to the boundary <p\q£) : dD dD be 
rigid. Indeed any sufficiently smooth (e.g. C^) orientation preserving dif- 
feomorphism / : dD — t- dD with irrational rotation number is topologically 
conjugate to a rigid rotation and therefore C'^-rigid. Clearly this line of argu- 
ment will not apply for the general pseudo-rotations as any ergodic example 
cannot be conjugated to a rigid rotation. 

Our main tool in the proof is theorem [2] from the previous section. To 
use this we fix a Hamiltonian H G C°°(M/Z x Z),M) whose time-one map 
is the given pseudo-rotation ip. By assumption the rotation number of the 
circle map (pldD is an element of C M/Z. With respect to H we have 

a canonical lift 

a := Rot{ip;H) G £* C M. 

As a G M is irrational every point in the interval [0, 1] is an accumulation 
point of its sequence of fractional parts {{na}}„gM- In particular zero is and 
so there exists a subsequence nj — > oo such that {uja} — )• as j — > oo. 

Since moreover a belongs to the subset of Liouville numbers we know 
that for every j G N there exists {pj,nj) G Z x N such that 

1 



< 



Pj 
a - 

Hi 
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Taking a further subsequence we may assume that 

(15) {n,a} < ^ 
for all j G N. 

Remark 5. It is apriori possible that we can only conclude that 1 — {rija} < 
for all j € N. In this case there are two ways to proceed. Simplest is 

to replace by its inverse (p~^. Then (jl5p will hold where a is the rotation 
number of ip~^, and so the remainder of our arguments will show that ip~^ 
is C°-rigid. Which is equivalent to if being C^-rigid. A more natural way to 
handle this possibility is to work with a version of theorem [2] for solutions z 
of the Floer equation for which the degree of the map ^;(0, •) : M/nZ dD 
is \na\ , compared with ([9]) . Then the remaining arguments would apply to 
if directly. 

Recall that, given the Hamiltonian H, we defined for each n € N the 
moduh space M(H,n), see ([8]) and ([9|). In particular, if zj G C°°(M"'" x 
R/njZ,D) belongs to M{H,nj) then 

(16) dsZj +i{dtZj - Xfft^Zj)) = 

(17) \\dsZj\\l2 = {rijajT^ 

(18) \\dszj\\ci<b 

for some constant b € (0, oo) depending only on the Hamiltonian H. 

Proof of theoreml^ We break this down into three steps. All functional 
norms are on the entire domain, e.g. ||(9sZj||j;^2 = \\dsZj\\]^2(^+y^^/njZ)- 

Step 1: By the interpolation inequality lemma [3] there exists c € (0, cxd) 
independent of everything, so that 

for aU Zj G M{H,nj). So by (fTTl) and (fTSj). 
Thus, 

(19) \\dsZj\\Lo- < M{nja}^/'^ 

where M = (c6)^/^7r^/^ is a constant depending only on the loop of Hamil- 
tonians H*. 

Step 2: Let p G Z)\{0}. For each j there exists a solution Zj G A4{H, rij) 
whose image contains p. This was from theorem [2j Thus, after reparame- 
terizing if necessary, Zj(,s,0) = p for some s = Sj & M"*". 

Let t I—)- 4>^^{p) be the 1-parameter family of diffeomorphisms on the disk 
generated by the loop of Hamiltonians . For all t G M, 

Zj{s,t) - 4>^h{p) = I drZj{s,T) - XHr{(fH{p))dT. 
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Thus, 

\z,{s,t) - ct>'H{p)\ < f \drZj{s,T) - XHr{^Up))\dT 

Jo 

< \drZj{s,T) - XHr{Zj{s,T))\dT + 

Jo 

+ [ \XH^{zj{s,T))-XH^{(t)-'H{p))\dT 

Jo 

< [ \dsZj{s,T)\dT+ [ \\DXH^\\\Zj{s,T))-(l)}iip)\dT 

Jo Jo 

<Ajt + B [ \Zj{s,T))-cl)}j{p)\dT 

Jo 

where B = max^giR/2max^g£)|[Hess(ff'^)(^)|| and 

Aj = \\dsZj\\ioo. 

Applymg the Gronwah inequahty lemma HI 

\zj{s,t)-(l)'H{p)\ <Ajte^' 

for all t >0. In particular, as zj is nj-periodic in the t- variable, {p—ip"^^ {p) \ = 
|zj(s,0) — 4>jj{p)\ = \zj{s,nj) — cl)fj{p)\ < AjUjC^^K By step 1 we have an 
estimate on Aj, from which we obtain 

\p - < M{nja}^/4nje^"^ . 

The right hand side is independent ofp€D\{0}, and so 

(20) dc^ ((^"^ , Ido) < M{nja}^/\e^''^ 

for all J € N. 

Step 3: It remains to use the Liouville condition on a. Substituting (fT5]) 
into (|20p we obtain 

1/4 

dco(v5"^idD)<M-i-^n,e^-^■. 

The right hand side decays to zero because B is finite. This completes the 
proof of theorem O H 

4. Proof of theorem [2] 

In this section we explain how theorem [2] follows from the existence of 
certain finite energy foliations constructed in [6]. 
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4.1. Prom the disk to mapping tori. On the symplectic manifold {D, loq = 
dx A dy) we have a time-dependent Hamiltonian H G C°°(]R/Z x D, M) gen- 
erating a given irrational pseudo-rotation (p : D D. That is, f is the 
time-one map of the 1-parameter family of symplectic diffeomorphisms gen- 
erated by a path of Hamiltonian vector fields Xj^t on the disk, as described 
in section [21 

Consider the autonomous vector field on the infinite tube Z^o := M x L); 

R{t,z) :=dr + XHr{z) 

at {t,z) € M X D. The transformation T : Z^o — ^ Z^o, {t,z) i— )• (r — l,z) 
leaves R invariant due to the periodicity of = H{t, ■) in the t-variable. 
Therefore, for each n S N, i? descends to a vector field i?„ on the quotient 
space 

Zn ■■= M/nZ X D, 

and by a slight abuse of notation we will write (r, z) for coordinates on 
The disk slice {0} xD C Z„ is a global Poincare section to the flow of i?„ and 
the first return map is the n-th iterate of the pseudo-rotation ip^ : D ^ D. 

4.2. To almost complex manifolds. To each mapping torus {Zn,Rn), 
n G N, we associate an almost complex 4- manifold {Wn, Jn) as follows. Set 

W„ := M X Z„ = M X M/nZ x D 

equipped with coordinates (a, r, z). Let J„ be the unique almost complex 
structure on Wn characterized by the conditions 

Jn{a,T,z)dB^ = Rn{T,z) 
Jn{a,T,z)\TD = i 

for all {a,T,z) £ Wn, where du is the vector field dual to the M-coordinate 
on Wn- Recall that i is the standard complex structure on D as a subspace 
of the complex plane C. Consider the 2-tori 

Lc := {c} X dZn = {c} X R/nZ x dD 

over c € M, which foliated the boundary of Wn- Each Lc is totally real with 
respect to Jn- That is, TpLc © Jn{p){TpLc) = TpWn for all p € Lc- 

4.3. The pseudoholomorphic curves. For each n S N let 

M{Jn) 

denote the set of solutions u = {a,T,z) G C°°(M+ x R/nZ,Wn) to the 
Cauchy-Riemann equation 



(21) 



dsu{s, t) + Jn{u{s, t))dtu{s, t) = 



12 



BARNEY BRAMHAM 



for all {s,t) £ x M/nZ, with the following boundary conditions: there 
exists c € M such that 

' u{0, t) G Lc for all t G R/nZ 

< z{0, •) : R/nZ dD has degree \ na\ 

^ r(0, •) : M/nZ dM./nZ has degree + 1, 
and which additionally satisfy the following finite energy conditions 
E\{u) < oo and E^{u) < oo 

which we explain now. If n is a solution to (|2ip then the following integrals 
have well defined values in U {+00}. 

Ex{u) := sup / u* iilj{a)da A drj 

where the supremum is taken over all ^ G C°°(M, M"^) for which Tp{s)ds = 
1. °° 

Eu;{u) := / U*U}n 
jR+xR/nZ 

where cOn is the differential 2- form ojn ■= dx A dy + dr A dH on Z„. Indeed, 
the pull-back 2-forms n*^^(a)da Afir^ and u*ujn are pointwise non-negative 
multiples of ds A dt on the domain M"*" x M/nZ. 

Remark 6. These two energies E\{u) and E^{u) come from the compactness 
theory in [3] developed for symplectic field theory where they are defined for 
pseudoholomorphic maps in much more general settings. In particular if M 
is an oriented compact 3-manifold equipped with a pair of differential forms 
(w, A) with the following properties: (1) w is a closed 2-form, A is a 1-form, 
(2) A Aw > 0, (3) that ker(a;) C ker((iA). Such a pair (w, A) is called a stable 
Hamiltonian structure on M, see [8] for examples and properties. Then 
there is a suitable class of so called cylindrical, symmetric almost complex 
structures on M x M which satisfy a compatibility condition with co and 
A. With respect to such almost complex structures there are two notions 
of energy for a pseudoholomorphic curve v, commonly written Ei^{v) and 
Ex{v). The spaces of curves with a uniform bound on both of these energies 
enjoys a nice compactness theory. In this paper M is Z„ = M/nZ x D for 
any n G N, and the stable Hamiltonian structure on Z„ is (a;„, A^) where ujn 
is the 2-form above and Xn = dr. 

4.4. To Floer trajectories. Recall the following relation between pseudo- 
holomorphic curves with finite A-energy and solutions to Floer's equation. 
For a proof see lemma 6 in [6] . 

Lemma 6. Let n e N and suppose u G C°°(M+ x R/nZ,Wn). Then u G 
M{Jn) if and only if 

il{s + so,t + to) = {s,t,z{s,t)) 
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for some z £ Ai(H,n) and (so,to) € M x M/nZ. The energies are then 
related by 

(22) 

where £'Fiocr(-2) is the energy from Floer theory defined by hlC^). 

Because of this lemma, theorem [2] which is a statement about the spaces 
Ai{H, n), is an immediate consequence of the following statement about the 
spaces A^(J„). 

Theorem 7. Let if be an irrational pseudo- rotation, and H a generating 
Hamiltonian. Let a := Rot((/5;f/') be the real valued rotation number on 
the boundary. So a & is irrational. Then for each n € N there exists a 
foliation Tn of = ffi x Z„ by surfaces which can be described as follows: 

• The cylinder 

C„ := {(a,r,0) GMxZ„|aGM, rG M/nZ} 
is a leaf in Tn ■ 

• Each leaf in Tn besides Cn is the image of a solution u G M{Jn) 
satisfying 

(23) E^{u) = {najvr. 

• Let Uj be a subsequence for which {ujo} —?■ as j oo. For all 

r G N there exists Br G (0, oo) such that for all u G A4{Jnj), 

(24) \\^u\\c^(R+xR/njZ) ^ Br 

uniformly in j. 

Proof. The existence of each J^n as a foliation whose leaves consist of the 
cylinder Cn and half cylinders parameterized by elements of A^( J„) is imme- 
diate from theorem 8 in [6]. That each u G M{Jn) satisfies E^{il) = {na}7r 
is lemma 9 in [6]. Finally the uniform C'-bounds (j24p follow from corollary 
24 and proposition 22 in [6]. ■ 



Appendix A. 

A.l. A Sobolev inequality. In this section we prove lemma [3l We first 
consider maps with domain the half plane M"*" x M, and then modify for 
cylinders M"*" x M/nZ. It is important for us that the Sobolev constant be 
independent of the period n of the domain. 

All function spaces will implicitely mean real valued functions, e.g. L°°(M^) = 
L°° (M? , R) . Then lemma E] for maps into will follow by applying the con- 
clusions to each component. As usual, C^{0,) means elements of C°°{^}) 
having compact support. 
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Lemma 8. There exists C > so that 

||/|lioo(IR2) < C'||/||i2(IR2)||I?/||^oo(Ig2) 

for all f G C^(]R^). The same statement holds if we replace M? by x M 
with no boundary conditions required. 

Proof Let / G C^{R'^), p > a real number, and {x,y) G M^. Then 
\fix,y)r'< r \di{f{s,y))^P+'^\ds 

J —oo 

(25) <(p+l)||5i/||ico(M2) / \f{s,y)\Pds. 

JR 

Applying this with p = 3, 

(26) |/(a;,y)|^<4p/||i^(K2) / \fis,y)fds. 

JR 

While applying ([25]) with p = 2, 

(27) |/(s,y)|3<3p/||ioo(K2) / |/(s,t)pdt 
for each s G M. Substituting ([27]) into 

|/(rE,y)|4<12||I)/||i^(jj2) / (/ |/(s,t)|2dt) ds 

= 12||_D/|||oo(jj2)||/||i2(K2). 

Square rooting both sides we are done. When the domain is R"*" x M the 
same argument goes through almost word for word (this time integrating 
from +00 to x to obtain equation (j25p ). ■ 

Lemma 9. There exists c > so that for all n > 1, 

ll/lli°°(RxR/nZ) ^ c||/||i2(]RxR/nZ)ll/llvyi.°°(MxR/nZ) 

for all f G C^(MxM/nZ). The same statement holds if we replace MxM/nZ 
by M.^ x M/nZ with no boundary conditions required. 

Proof Let / G C~(M x R/nZ). Let / G C°°(M2) be a lift of /. Then 

f{x,y + n) = f{x,y) 

for all {x,y) G M^, and lim.x-^±oo f{x,y) = for all y G M. Pick a smooth 
"cut-off function" x : — ^ [0, 1] having support in (—1, "^+1), and identically 
equal to 1 on [0, n], and such that |x'(OI ^ 2 for all t G M. Define g G 
C^{R'^) by 

g{x,y) ■= x{y)f{x,y)- 

Then g\ux[o,n] = /lMx[o,n]- Let C > be the embedding constant from 
lemma [3 Then, 

||ff||^oo(]R2) < C\\g\\L2^^2^\\Dg\\loo^^2y 
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Therefore, 

ll/lli°°(Rx[0,r!.]) = ll5lli°o(Mx[0,n]) 

< C'llfi'llL2(R2)||^9llL° 

< C'll/llL2(Rx[-n,2n]) ( II X'/ll (M2) + \\x{D f)\\ ^oo (^2^) 

using that n > 1, 

< C'3||/||i2(]Rx[0,n]) (2||/||Ltx>(R2) + ||I)/||loc.(]u2)) 

^ 6C||/||i2(]RxR/nZ) (II/IIl°°(RxM/7iZ) + l|-D/llL°°(RxM/r!.Z)) • 

In other words, 

ll/llL°°(RxE/nZ) ^ 6C||/||i2(igxM/nZ) 11/11^1. °°(RxM/nZ) 
as required. The same argument apphes when the domain is x M/nZ. ■ 

A. 2. is dense in M. We refer to ([2]) in the introduction for the definition 
of C^. The fohowing is a well known argument for spaces like £*. 

Lemma 10. is a dense subset o/M. 

Proof. For each {p,q) G Z x N relatively prime, and A; G N, define the 
following punctured open neighborhood oip/q € M: 

1 



< 



_ P 

For each € N the following countable union is therefore also an open subset 



r each € N t] 

of: 



Kk-= U Ok{p,q). 

(p,5)6ZxN, (p,g)=l 

Fix A; G N. Then each rational number w G Q lies in the closure of Uk since 
if uj = p/q in lowest form then u lies in the closure of Ok{p, q)- Thus, as the 
rationals are dense in M, Uk must be dense in M. This applies to all A: G N, 
so 

£* = Pi z^fc 

fcGN 

is a countable intersection of open dense subsets of the complete metric 
space M. By the Baire category theorem jC^ is therefore dense in M. ■ 
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